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^I-EQUIVARIANT CHERN-WEIL CONSTRUCTIONS ON LOOP SPACE 


THOMAS MCCAULEY 


Abstract. We study the existence of S'^-equivariant characteristic classes on certain natural 
infinite rank bundles over the loop space LM of a manifold M. We discuss the different S^- 
equivariant cohomology theories in the literature and clarify their relationships. We attempt to use 
S'^-equivariant Chern-Weil techniques to construct S'^-equivariant characteristic classes. The main 
result is the construction of a sequence of S'^-equivariant characteristic classes on the total space 
of the bundles, but these classes do not descend to the base LM. Nevertheless, we conclude by 
identifying a class of bundles for which the ^^-equivariant first Chern class does descend to LM. 


1. Introduction 

In this paper we study the existence of S'^-equivariant characteristic classes on certain natural 
inhnite rank bundles over the loop space LM of a manifold M. Our main result is the construc¬ 
tion by S'^-equivariant Chern-Weil techniques of an S'^-equivariant hrst Chern class associated to 
a structure group reduction of these bundles. S'^-equivariant characteristic classes on LM have 
attracted interest for many years, going back to Witten’s formal proof of the index theorem by for¬ 
mally applying hnite dimensional S'^-equivariant techniques to LM [1] and Bismut’s construction 
of the Bismut-Chern character |1]. These S'^-equivariant characteristic classes belong to different 
S'^-equivariant cohomology theories. As a hrst task, we summarize these S^-equivariant cohomol¬ 
ogy theories and we clarify how they are related. One particular theory, Hgi{N), is distinguished 
by having a topological model, as discussed in Section |2l In Section |3] we hnd that S'^-equivariant 
Chern-Weil techniques only partially extend to the pushdown bundles we consider. Our main re¬ 
sult in this section. Theorem 13.41 proves that these techniques dehne S'^-equivariant characteristic 
classes on the total space of an associated principal bundle that do not descend to the base. We 
then identify a class of bundles for which one of these classes does descend to LM, dehning an 
L^-equivariant hrst Chern class associated to these inhnite rank bundles. Theorem 14.151 proves 
that this class extends the ordinary hrst Chern class on M. 

Characteristic classes on the loop space of a manifold have been studied in a variety of contexts. 
Ordinary characteristic classes have been considered in |IH], for example, where McLaughlin showed 

that M admits a string structure precisely when a certain characteristic class on LM vanishes. 
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Moreover, characteristic classes on LM have informed the study of 2-dimensional held theories 
on M, known as sigma models, by regarding them as 1-dimensional held theories on LM. For 
example, to study fermions one asks for a spin structure on LM, which is a certain lift of the 
structure group of the frame bundle of LM] see |23] for a discussion of these ideas. 

Because LM admits an S'^-action by rotation of loops, it is natural to study the S'^-equivariant 
cohomology of LM. F^-equivariant characteristic classes were studied in |T] where, following an 
idea of Witten PI, Atiyah showed that one can formally compute the index of the Dirac operator 
on the spin complex of a spin manifold M as an integral of certain S'^-equivariant characteristic 
classes over LM. Exploring this idea. Bismut |1] dehned the Bismut-Chern character, BCh, a 
diherential form on LM that extends the Chern character, Ch. The dehnition of BCh was rehned 
in [7] using methods from non-commutative geometry, and has been studied further, for example 
in [22]. Recently a twisted Bismut-Chern character was dehned in |T0] and used to study T-duality 
in type IIA and IIB string theory from a loop space perspective. 

In Section |2] we present the different R^-equivariant cohomology theories used in the literature. In 
the hnite dimensional setting, S'^-equivariant characteristic classes on an S'^-manifold N belong to 
Hgi{N), the 5^-equivariant cohomology of N, which we recall in Section [2Tl Completed periodic 
S'^-equivariant cohomology, (N) is dehned in Section 12.21 In Section 12.31 we introduce an S^- 
equivariant cohomology theory h*gi{N), which we call super R^-equivariant cohomology. h*gi{N) 
has been used in the literature and was called Witten’s complex in |2]. The table and diagram 
in Section 12.41 summarizes these R^-equivariant cohomology theories and the maps between them. 
For hnite dimensional manifolds, F^-equivariant characteristic classes may be constructed by 5^- 
equivariant Chern-Weil techniques. There are two equivalent constructions, one via S'^-equivariant 
vector bundles, outlined in Section 12.51 and another by R^-equivariant principal bundles, outlined 
in Section 12.61 

In the study of S'^-equivariant characteristic classes on loop space, one may ask whether S^- 
equivariant Chern-Weil techniques can be used to construct S'^-equivariant characteristic classes. 
Such an approach is hinted at in [1] and explicitly attempted in [Tn|. In Section lXTl we construct the 
pushdown bundle S —> LM, an inhnite rank vector bundle built from a hnite rank vector bundle 
E —> M, whose hber is modeled on L£L. In particular we see that the pushdown bundle is an 
S'^-equivariant vector bundle, and we ask whether we can construct S'^-equivariant characteristic 
classes. Section 13.21 summarizes the attempt to construct an F^-equivariant Chern character via 
a covariant derivative on the pushdown bundle, as in [T5], and we note why the construction is 
not well dehned. The reason this construction fails becomes clearer when we attempt to construct 
the F^-equivariant Chern character via the principal Lf/(?7,)-bundle LFrE, the loop space of the 
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frame bundle FrE —> M, which serves as the frame bundle for S. In Section [3.31 we see that 
LFrE is not an S'^-equivariant principal Lf/(n)-bnndle. Conseqnently, onr main resnlt, Theorem 
13.41 constrncts a seqnence of S'^-eqnivariant characteristic classes on the total space LFrE that do 
not descend to the base LM. For comparison, Section 13.41 snmmarizes the constrnction of BCh, 
and we show that this characteristic class descends to LM bnt belongs to h*gi{LM) rather than 
H*,{LM). 

We end by discussing in Section 0] a class of bnndles for which the F^-eqnivariant Chern-Weil 
techniqnes dehne an S'^-eqnivariant hrst Chern class that descends to LM, after passing to a 
redaction of the strnctnre gronp of LFrE. In Section ITT] we show that LFrE admits a redaction 
of its strnctnre gronp to L^U{n), the connected component of LU{n) containing the identity, when 
Ci(L^) belongs to the kernel of r*, the transgression map on cohomology. In Section we show 
that the rednced handle, L^FrE, admits an L^-action snch that the inclnsion L^FrE ^ LFrE 
is an L^-eqaivariant map, indncing a map Hgi{LFrE) —> Hgi{L^FrE). After restricting to this 
snb-bnndle, we see that L^-eqaivariant Chern-Weil techniqnes dehne an L^-eqaivariant hrst Chern 
class, cf^(L). Moreover, Theorem 14.151 proves that cf^(L) extends ci(L'), and we present a criterion 
that detects when cf^(L) is non-trivial. Section ITT] identihes a collection of loop spaces that admit 
non-trivial cf^(L). 

As a resnlt, L^-eqaivariant Chern-Weil techniqnes only partially extend to pushdown bnndles 
over loop space. It is a challenging problem to constrnct L^-eqaivariant characteristic classes on 
loop space in general. The anthor is nnaware of a topological constrnction and it seems difhcnlt to 
constrnct other characteristic classes by Bismnt’s modihed A^-eqaivariant Chern-Weil techniqne. 
This is an interesting problem for fntnre work. 

We wonld like to thank Steven Rosenberg and Mahmond Zeinalian for many helpfnl discussions. 
We wonld like to thank David Fried for his snggestion that led to Section 14.41 We also wonld like 
to thank the referee for many helpfnl snggestions, especially regarding the varions maps between 
eqnivariant cohomology theories in Section O 


2. RRequivariant cohomology and characteristic classes 

This section gathers some basic dehnitions and important properties of varions F^-eqaivariant 
cohomology theories as a backgronnd for Sections [3] and 01 where we discnss L^-eqaivariant char¬ 
acteristic classes on loop space. In Section 12.11 we dehne the L^-eqaivariant cohomology of a S^- 
manifold N, written Hgi{N), and the Cartan model for F^-eqaivariant cohomology. Sections 12.21 
and l2.3l introdnce completed periodic A^-eqaivariant cohomology, hgi{N), and snper L^-eqaivariant 
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cohomology, h*gi{N). Section |23] states the localization theorem for these S'^-equivariant cohomol¬ 
ogy theories, which says that these S^-equivariant cohomology theories are determined on the 
hxed-point set of the S'^-action. 

We describe two approaches to S'^-equivariant Chern-Weil theory on a hnite rank bundle E 
over a hnite dimensional manifold N. These techniques construct S'^-equivariant characteristic 
classes belonging to Hgi{N). Section [2751 constructs S'^-equivariant characteristic classes by S^- 
equivariant vector bundles and Section 12.61 constructs the same classes by S'^-equivariant principal 
U (n)-bundles. Along the way we identify the main points of the theory that differ from the loop 
space case discussed in Section [3l 


2.1. The Cartan model of G-equivariant cohomology. Throughout this paper we work with 
de Rham cohomology of complex-valued forms. Let G be a compact and connected Lie group and 
suppose G acts on a manifold N. The G-equivariant cohomology of N is Hq{N) H*{N XgEG). 
The Cartan model is a differential graded algebra that serves as an algebraic model for equivariant 
cohomology, often proving convenient for computations. We summarize its construction below. 

Consider the space *S'( 0 *) ® A*(A^). By identifying the symmetric algebra *S'( 0 *) with the ring 
of polynomials on 0 , we may identify *S'( 0 *) ® A*{N) with the ring of polynomial functions on 0 
valued in A*(A^). G acts on this ring by 


g ■ {p® i4;)(X) = p(Adg-iX) 0 g*oj. 


This space is graded by declaring deg(p 0 a;) = 2deg(p) -|-deg(a;). Let Gg{N) = (S'( 0 *) 0 A*(A^))'^ 
denote the subspace invariant under this action. We call an element of Gg{N) an equivariant 
differential form. Take a basis {Xj} for 0 and let {uj} be the corresponding generators of *S'( 0 *) 
induced by the dual basis of 0 *. The equivariant differential is dG = d — Uj ® ixj, which acts 
on this complex by 


<^g(p <8 = p® dbj — Ujp ® ixj^- 

j 

Note that this dehnition does not depend on the choice of basis {Xj}. This operator is a differential 
because d^j = — Uj ® Cxj , which is the zero operator on invariant elements. Notice that if 
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X = G 0, 

dcip ® w){x) = {p® dijj){X) - '^{Ujp ® ixjOj){X) 

j 

= p{X) ®du- '^Uj{c^Xk)p{X) ® ixjOJ 
j 

= p{X) ® du — cPp{X) ® ixj^ 
j 

= p{X) ® du — p{X) ® ixu 

For this reason some authors, such as [3], write the equivariant differential as d — ix- The complex 
{Cg{N), do) is called the Cartan model of equivariant cohomology and its cohomology is isomorphic 

to 0 . 

Consider the case G = S^. Because is abelian, its adjoint action is trivial and (*S'( 0 *) 0 
A*{N))^ = S'( 0 *) 0 AJi(iV), where A^i(X) is the subspace of differential forms on N invariant 
under the S'^-action. Furthermore *S'( 0 *) = M[m] for some generator u G g* dual to the generator 
X G 0 , so we may write the Cartan model as (A^i(X)[u], d — uix), omitting the tensor product 
for convenience. 

2.2. Periodic F^-equivariant cohomology. Important theorems in the study of equivariant 
cohomology, like the localization formula of [3l §7.2], involve rational maps 0 —> A*{N) rather 
than polynomial maps. For this reason we consider a variation of the Cartan model that includes 
such rational maps. Consider the case G = and the Cartan model (Agi(X)[M],d — uix)- The 
periodic -equivariant cohomology of N is the cohomology of {A*gi{N)[u, d — uix)- h is the 
localization of equivariant cohomology and it is denoted in |T2] by This cohomology 

theory is called periodic because of 

Proposition 2.1. For any k, u~^Hg^{N) = 

Proof. We claim that the map T : —> u~^H^t‘^{N) given by T[a;] = [uu] is an 

isomorphism. It is straightforward to check that u{d — uix) = (d — uix)u as operators on this 
complex. It follows that uu is equivariantly closed if and only if u is equivariantly closed and uu 
is equivariantly exact if and only if u is equivariantly exact. Therefore T is a well defined linear 
map whose inverse is given by = [u~^u]. □ 

Another variant on the Cartan model is completed periodic -equivariant cohomology, written 
h*gi{N), which is the cohomology of (A^i(X)[ti, d — uix)- Notice that completed periodic 
A^-equivariant cohomology enjoys the same periodicity property h|i(X) = hgt^(X), where the 
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isomorphism is again given by [cn] i—)■ [uu]. If N is finite dimensional, u~^Hg^{N) and h*gi{N) 
are isomorphic, though the two cohomology theories may differ for infinite dimensional manifolds. 
Moreover, u~^Hgi{N) is trivial when N is infinite dimensional, while h*gi{N) need not be. See |T2l 
§1] for a more detailed discussion of u~^Hgi{N) and hgi{N). 

Let Nq be the fixed point set of the S'^-action. Assume that Nq has an S'^-invariant neighborhood 
U such that the inclusion i : Nq —> U is an S'^-equivariant homotopy equivalence. An S'^-manifold 
that admits such a neighborhood is called regular. In na, Jones and Petrack prove 

Theorem 2.2. If N is a regular -manifold, then the inclusion of the fixed point set i : Nq — > N 
induces an isomorphism 


z* : h*si{N) = h*s,{NQ). 

Finite dimensional manifolds are regular, as is the loop space LM of a finite dimensional manifold 
M. However, not all infinite dimensional S'^-manifolds are regular |12j . 

For our purposes we only consider periodic S'^-equivariant cohomology and completed periodic 
S'^-equivariant cohomology, though these cohomology theories can be defined for any torus. A 
presentation of the general case can be found in [H Ch. 10]. 

2.3. Super S'^-equivariant cohomology. Although we cannot directly compare cohomology 
classes in Hgi{N) and h*gi{N), we may compare them in a third S'^-equivariant cohomology theory 
h*gi{N), defined below. 

Given a real parameter s, we may take the quotients Agi(A^)['U, u~^]]/{u — s) and Agi(A^)[n]/(u — 
s). This has the effect of setting u = s. In [21 §5], Atiyah and Bott prove 

H*{Agi{N)[u]/{u - s),d- six) — H*{Agi{N)[u], d - uix)/{u - s), (2.1) 

H*{A*s,{N)[u,u-^]]/{u-s),d-s%x)=H*{A*s,{N)[u,u-%d-mx)/{u-s), 

so that we may interchange setting u = s and taking the cohomology of our complex. We may 
represent elements of these cohomology groups with differential forms because of 

Proposition 2.3. Every element of A*gi{N)[u]/{u 1) has a unigue representative that is purely 

a differential form (an element in A^i(A^)[n] that depends on u as a degree zero polynomial). The 
same holds for every element of Agi{N)[u,u~^]]/{u + 1). 
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Proof. Let + (« + !)€ A^i(A^)[m]/(m + 1), and consider + {u + 1). Then 

'^u^ak - - (- 1 )^) 0 ;*; 

k k k 

= + ... + ±l)Q!fc 

k 

= {u + l) - n"-' + ... + ±l)ak, 

k 

which implies that + (n +1) = +{u + 1) in Agi(iV)[M]/(M +1). By associating 

the representative with the differential form we see that we can represent 

every element of AJi(A^) [«]/(« + 1) by a pnre differential form. 

Moreover, this representation is nniqne. For if a and b are two snch representatives, then 
a — b G (m + 1). On the other hand, a — bE A*gi{N). Thns a — bE (m + 1) nAgi(A^) = {0}, proving 
that a = b. 

The proof goes throngh withont change in the case of Agi(A^)[M, □ 

There is another A^-eqnivariant cohomology theory described in a. ra, and [ 21 ] which we call 
super S^-equivariant cohomology. 

Definition 2.1. Snper S'^-eqnivariant cohomology, written hgi{N), is the cohomology of the com¬ 
plex (A^i(A^), d + ix)- It has a Z/2Z grading given by the parity of forms. 

Both Hgi{N) and h*gi{N) can be mapped into h^i by setting u = —1. Let {Agi(A^)['u]}fc and 
{Agi(A^)[n, denote the degree k snbspaces of Agi(A^)[M] and A^i(A^)[m, m“^]] respectively 

and let 


pt : {AJ.(]V)|ti]}t ^ AJ.(]V)|ti]/(t<+ 1) 
m '■ {AJi(iV)|M,M“']]}t —> AJ,(A)|ti,ti“"]]/(ti+ 1) 

denote the two qnotient maps. Interestingly, Qk does not discard information, in the following 
sense. 


Proposition 2.4. For any k, the maps 


q2k : hf^{N) 


hfr{N) 


q2k+i : hf,-^\N) 




are isomorphisms. 
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Proof. We define a map r 2 k inverse to q 2 k '■ {A^i[n,—)• A^g™{N). Recall that A^7“(iV) = 

arbitrary u G can be written u = Set r 2 kioj) = 

In particnlar, degr2fc(a;) = 2k, sor2k ■ A^'f''(iV) —{A*i(A^)[m, M"^]]}2fc. Similarly, 
any 9 G can be written 9 = Z]^o^ 2 n+i- Define r 2 k+i ■ A°ff^{N) —)■ {A*i(iV)[M, M"^]]} 2 fc+i 

by r2k+i{9) = E^o“^“"^ 2 n+i- 

Given e {A5 i(A^)[m, M"^]]}2fc, we compute 

oo oo oo 

r2kq2kC^U^ '^^2n) = r2kC^^2n) = ^^2n 

n=0 71=0 n=0 

Similarly, given Yl’^=o^‘ 2 n ^ A^™"(A^), we compute 

OO OO OO 

q2kr2kC^(^2n) = q2kC^U^~'^U2n) = ^2n 

71=0 71=0 71=0 

Therefore r 2 k and q 2 k are inverses. A similar computation shows r 2 k+i and q 2 k+i are inverses. 

It is straightforward to check that {d — uix)r 2 k = r 2 k+i{d + ix) and {d + ix)q 2 k = q 2 k+i{d — uix), 
so r 2 k and q 2 k descend to isomorphisms on cohomology, and similarly for r 2 k+i and q 2 k+i- Gl 

2.4. Localization on the fixed-point set. This section is adapted from [T^ §2]. Combining 
Theorem 12.21 and Proposition 12.41 we have 

Theorem 2.5. If N is a regular -manifold, then the inclusion of the fixed point set i : Nq —> N 
induces an isomorphism 

t* ■.h*si{N) = h*si{No) 

Remark 2.1. Note that on Nq, d + ix = d, the de Rham differential, because X vanishes on Nq. 
Moreover, AJi(A^"o) = A*(iVo), as the circle action is trivial. Therefore h^i(iVo) = 
the de Rham cohomology of Nq, Z/2Z-graded by parity of forms. 

In particular, suppose N = LM with the S'^-action given by rotation of loops. Then Nq = M, 
embedded as the subspace of constant loops. 

Corollary 2.6. R : h*g^{LM) ^ ^ i/even/oddj'j^^^^ 

Thus a cohomology class in h*^i{LM) is determined by its restriction to the embedding M ^ 
LM. We summarize these cohomology theories and the maps between them in the following table 
and diagram. 
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Aj.(A) 

KAN) 

Equivariant Forms 



AJ.(iV) 

Differential 

d — uix 

d — uix 

d -|- ix 

Localization 

- 

AJ.(A') = AJ.(A'o) 

K,(n) = K,(n,) 

References 

PE] 


PEI SI 



Let TT : E —)■ be a rank n complex vector bundle and 
and ke respectively such that n o ke = ke o ti and ke acts 

E —^ E 

TT TT 

N N 

We call E —> N a -equivariant vector bundle. acts on r(ii^ —> M) by 

{kgs){x) kes{k_ox), 

where s G T{E —> N) and x E N. We say a connection V on is S'^-invariant if k^V = Vkg. 
Following [3l Ch. 1], we may average a given connection V by the S'^-action, 

[ {k_gf^'^*^Vklde. 

Js 

That is, if y G T^-N, 

vrs= [ {k.gfVk,,Yk^gsde. 

Js^ 

It is straightforward to check that fcg , so is 5^-invariant. Thus we may assume 

without loss of generality that our connection is S'^-invariant. 

With our S'^-invariant connection we can dehne the 5^-equivariant curvature 2-form, an 
extension of the ordinary curvature 2-form to the Cartan model. Let X be the vector held on N 
induced by the circle action. We have the interior multiplication operator ix and the Lie derivative 


2.5. S'^-equivariant vector bundles. 

suppose that acts on E and N by kg 
by vector bundle automorphisms. 
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related by Cartan’s formula C-x = dix + We first define the S^-equivariant connection, 
\/a.ve —uix- The S^-equivariant curvature 2-form is 

f!*''‘4' 

It is shown in |3l Ch. 7] that belongs to A^i(iV, End(ii^))[M], the Cartan model of forms on N 
valued in End(i7), and it has equivariant degree 2. With the S'^-equivariant curvature 2-form, the 
techniques of Chern-Weil theory extend to the equivariant set-up and can be used to define S^- 
equivariant characteristic classes. In Section [3] we will be primarily interested in the -equivariant 
Chern character, 


ch^\E) = Trexpf2^\ 

an equivariantly closed form of mixed even degree. 

2.6. S'^-equivariant principal bundles. An alternative construction of S'^-equivariant charac¬ 
teristic classes uses S'^-equivariant principal bundles. Throughout this section we follow [B]. A 
principal U (n)-bundle P is S^-equivariant if S^ acts on P and N on the left such that the projec¬ 
tion TT : P —> N is S^-equivariant and the left S^-action commutes with the right t/(n)-action. 
Suppose we have the same set-up of a S^-equivariant vector bundle E —> N as in Section 12.51 
Without loss of generality we may assume that kg : E —)■ E is a unitary transformation (for an 
arbitary metric on E can be averaged by the S^-action to produce a S^-invariant metric). Then 
kg defines an action on the unitary frame bundle ErE, 

kg{x, e\, ■ ■ ■ , Cn) {kgX, kgCi, ■ ■ ■ , kgCjf). 

Moreover, the left S^-action and the right U (n)-action commute. A crucial point in Section [3] is 
that the structure group action and the S^-action do not commute for the inhnite rank bundles 
we consider, in contrast to this finite rank case. For that reason we now prove that the actions 
commute. If 6^ G 5^ and a E U{n), 

Ra[h{x, ei, . . . , Cn)] = RaikgX, kgCi, ..., kgCn) = {kgX, {kgei)a, . . . , {kgen)a) 

= {kgx, {kgej)a{,..., {keej)af) = {kgx, kg{eja{),..., ke{ejaf)) 
kgi^x, CjO ^,..., kg^Ro^i^x, e \,..., e^)]. 
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proving Ra o kg = ke o R^. Thus FrE —> N is an S'^-equivariant principal f/(n)-bundle. 

FrE —^ FrE 

N —^ N 

Let 00 G A^{FrE,u{n)) be a connection l-form. We will show that J^i{kgOo) dO is an 

S'^-invariant connection l-form, following Lemmas 12.71 and 12.81 

Lemma 2.7. Let A G u(n) and let A* be its fundamental vector field. Then kg^,{A*\p) = 
for p G FrE. 


Proof. 


kefiA*\p) = 


d 

dt 


keipewif^)) = 


t=o 


dt 


t=o 


{kep)exp{tA) = 


□ 


Lemma 2.8. kgoo is a connection l-form. 

Proof. We must show 1.) kgu{A*) = A for A G u(n), and 2.) Rl(kgu) = Ada-^ifiloo) for a G U{n). 
To verify 1.), we compute 

(k;u,)^(A-) = = u^iJA-liJ = > 1 . 

To verify 2.), note that commutativity of the group actions implies Ra*kg^ = kg^Ra*- We compute 

Rl{klu){X) = u(kg^Ra^X) = u{Ra^kg*X) 

= Rlu{kg^X) = Ada-iuj(kg^X) = Ada-1 (kluj){X), 

proving 2.). Therefore kgoo is a connection l-form. □ 

With these lemmas, the following proposition shows that we may average a connection to produce 
an S'^-invariant connection. In contrast to this finite dimensional case, we see in Section [3] that 
the same construction fails for the S'^-action on loop space. 

Proposition 2.9. k^oo d9 is a -invariant connection l-form. 

Proof. First we must show that 00 °'^^ is a connection l-form. We must check 1.) oj°‘‘^'^{A*) = A for 
A G u(n), and 2.) Rloo"^^^ = To verify 1.), we compute 

oj^^^{A*)= [ {kloj){A*) dO = [ Ade = A. 
isi 751 
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To verify 2.), we compute 

Rlu^'^^Y) = K j klu{Y)de= j R:{klu){Y)d9 
Js^ Js^ 

= f Ada-1 Cke^){Y)de = Ada-1 f klu:{Y)de = Ada-ioj'^^^Y). 

Jsi Jsi 

Therefore 0 ;“’'® is a connection 1-form. Moreover, for a fixed 9q G 

kiy^\X)= f k;yu;{X)d9= [ k;,u{X)d9'= 0J^'’^{X), 

Js^ Jg 


where 9' = 9 + 9o, proving that 0 ;“^® is S'^-invariant. 


□ 


The moral of the story is that given an S'^-equivariant vector bundle E —> N, one can produce 
an S'^-invariant connection 1-form on FrE —> N, so we may assume without loss of generality 
that u is S'^-invariant. 

The -equivariant curvature 2-form is 

= n - uu{X) 


where hi is the (ordinary) curvature 2-form of the connection u and X is the vector held on FrE 
induced by the S'^-action. It is an equivariant extension of the ordinary curvature 2-form, belonging 
to Agi{FrE,u{n))[u] with equivariant degree 2. Letting D denote the covariant exterior derivative 
associated to the connection u, we have the equivariant Bianchi identity 

(D-uix)^^" = 0 , 

proven in [6]. With the equivariant Bianchi identity it is straightforward to check that is 

equivariantly closed for any 17(?7,)-invariant polynomial /. Recall that a form on FrE is basic if it 
is t/(n)-invariant and horizontal. Basic forms are precisely those forms that descend to the base, 
i.e. those forms a G A* (FrE) such that a = 7r*f] for some jd G A*{N). In Section [3] we see that 
the equivariant differential forms we dehne fail to be basic, so for comparison’s sake we now recall 
the standard proof that is basic. 

Proposition 2.10. If f is a U{n)-invariant polynomial, f{Q^^) is basic. 

Proof. We must show that f{fl^^) is horitzontal and [/(?7,)-invariant. Suppose u is a vertical vector. 
Then = 0, and 


= 0 , 
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proving that is horizontal. In [Bl §6], Bott and Tn show that for a G U{n), 

R*MX) = Ada-MX), ( 2 . 2 ) 

from which it follows that = Ada-if2'^\ Thus 

Rlfin^") = fiRin^") = /(Ad,-iff^^) = (2.3) 

proving that is [/(n)-invariant. □ 

In particular we see that Tr(fl’^^)^ G A*^i{FrE)[u] is equivariantly closed and basic, implying 

that Tr exp = tt*/? for some (3 G Agi(A^)[M]. In fact, /3 = ch"^ (E), as in Section [231 In this way 
one constructs S'^-equivariant characteristic classes via ^hequivariant principal f/(n)-bundles. 


3. Loop space and pushdown bundles 

In this section we attempt to construct S'^-equivariant characteristic classes on LM by S^- 
equivariant Chern-Weil techniques on pushdown bundles and their associated frame bundles. In 
Section ITT] we introduce the pushdown bundle over LM, an A^-equivariant vector bundle of inhnite 
rank. In Section 13.21 we try to apply the S'^-equivariant Chern-Weil techniques via a covariant 
derivative on the pushdown bundle as attempted in |T5l §3]. These techniques fail for subtle reasons 
not present in the hnite dimensional case. In Section [33] we attempt to apply S'^-equivariant Chern- 
Weil techniques via the principal Lf/(?7,)-bundle LErE, and in this set-up it becomes clearer why 
these techniques fail. 

In Section [33] we recall the construction of BCh, a characteristic class on LM constructed by a 
modihcation of techniques from Section 12.6! and Section 13.31 However, BCh does not dehne a class 
in Hgi{LM), but rather a class in hs.{LM). 


3.1. Pushdown bundle basics. Let vr : E —)■ M be a rank n complex vector bundle over M, 
a hnite dimensional smooth manifold. Suppose that E comes equipped with a hermitian metric 
and a metric connection V. We consider the free loop space LM = M) with the Frechet 

topology. The evaluation map ev : LM x —> M is given by ev{'y,6) = ^{6). We form the 
pullback bundle ev*E — > LM x S^, a. rank n bundle over LM x S^. Letting tti : LM x —)■ LM 
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denote the projection on the first factor, we form the pushdown bundle 7ii^,ev*E = S —)■ LM. 

ev*E E 

LM X M 

TT 

S = Tii^ev*E -)■ LM 

The pushdown bundle is an inhnite rank bundle over LM, with hber 

= r( 7 *E ^S^) = {s-.S^ ^E: s{e) G 

given the Frechet topology. In fact, 8 is isomorphic to the bundle tt : LE —)■ LM, where LE is 
the loop space of E and whose projection is given by 71 ( 7 ) = tt o 7 . 

A trivialization of 8 near 70 G LM may be obtained in the following way. Let Ue C LM be a 
neighborhood of 70 given by ‘short curves’ 

Ue = [l- l{0) = exp^^( 0 ) X( 0 ), |X( 0 )| < e}, 

where e > 0 is chosen to be less than the injectivity radius of exp..^( 0 ) for all 6 ^ G S'L Note 

8 ^^ = r(7*E ^ s^) ^ r{s^ X ^ s^) ^ lc” 

where the first isomorphism follows from the fact that any rank n complex vector bundle over is 
trivial. Notice, however, that the isomorphism is not canonical as it depends on the trivialization 
of 7 gi? —> . Suppose 7 G Lfe- Then 7 ( 6 *) = exp..^i^(- 0 ) X( 6 *) for some vector held X{6) along 
7 o, and for each 6 * G there is a curve ceit) : [0,1] —)■ M given by ceit) = exp..^^ (»l«A'(0). 
This curve begins at 09 ( 0 ) = 70 ( 6 *) and ends at ce(l) = 7 ( 6 ^). Thus we have an isomorphism 
llcgi £’ 7 ( 0 ) —> E-yoie) given by parallel translation ‘backwards’ along cq. 

We dehne an isomorphism : 8^ —> 8^^ in the following way. Given s{9) G we set 

T,8(9) =||„ 

Thus T dehnes a local trivialization, T : 8\u^ —> Lf^ x given by (7,5) e-)■ {■j,T^s). 

Remark 3 . 1 . Because 8 ^^ = LEL (non-canonically), we may dehne a trivialization 8 \u^ —)■ 
U, X LC^. 

Next we examine the transition functions between trivializations. Suppose 71 G LM and C 
LM is a neighborhood of 71 given by ‘short curves.’ We may dehne another trivialization T : 
£\vs - 1 Vs X 8^^ in the same way. That is, given 7 G Vj 5 , for each 6 ^ there is a curve 
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deit) = ^1^(0) beginning at do^O) = 71 ( 0 ) and ending at de^l) = 7 ( 6 '). Then we define 

as above. Suppose further that f/^ n 7 ^ 0 and we have the trivializations 

U^nVs X S-y-^ ^lu^nVs UeOVs X Sy^. 

Consider the transition function T o T~^. If s{6) G Sy^, 

T of-^s{e) = T s{e) =u\^^ s{e). 

Notice that Hcgllrf/; -£'71 ( 6 ») —^ -^ 70 ( 0 ) an isometry of finite dimensional vector spaces. 

Suppose we take a frame {ej( 6 *)} for ■JqE —> and a frame {ej( 6 *)} for jlE —> S^. For 
each 9 e S^, ||celld/ c(^) = where ul{9) G C. Moreover, because ||cellrf/ is an isometry, 

u{9) = {ul{9)) G U{n) for each 9. The parallel translation operators \\cg and ||dg depend smoothly 
on 9, implying that u{9) G LU{n). Using the isomorphism Sy^ = LC" {i = 0,1) determined by our 
local frames, we may write T o T~^ : LC” —)■ LC”, 

T o f-\f\9 ),..., r{9)) ^ {u]{9)P{9 ),..., u]{9)P{9)). 

Written in vector notation f{9) = {f^{9 ),..., f^{9)), 

Tof-^f{9)=u{9)fi9). 

In particular we have shown that S admits the structure group LU{n). Because the natural 
representation of LU{n) on LC”' is smooth with respect to the Frechet topology [9l §2, Theorem 
2.3.3], we see that is a Frechet bundle. 

3.2. S'^-equivariant curvature operators. In this section we construct the S'^-equivariant cur¬ 
vature operator via a covariant derivative on S. However, we see that the S'^-equivariant Chern-Weil 
techniques outlined in Section 12.51 fail to define 5^-equivariant characteristic classes on LM. 

There is a natural isomorphism ip : F(T —)■ LM) —)■ r{ev*E —> LM x S^) given by ip^s) = s, 
where s and s are related by 

5 ( 7 , 0 ) = s( 7 )( 0 ). 

Under this isomorphism, an operator D on F(£^ — > LM) is associated to an operator D on 
T{ev*E —> LM X S^). 
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We call an operator D on T {8 —)■ LM) a pointwise endomorphism if for all 7 G LM there is a 
bundle endomorphism G End( 7 *i? —)■ such that (Zi)s)( 7 ) = D^s{'y) for s G r(£^ —> LM). 

Proposition 3.1. An operator D on r(£^ —> LM) is a pointwise endomorphism if and only if its 
associated operator D is linear over C°°{LM x S*^). 

Proof. First suppose D is linear over C°°{LM xS^). Let / G C°°{LM x and s G r(£^ —> LM). 
Then 

D{fs){^){e) = L){fs){^,e) = fL)s{^,e) = fDs{^){e). 

Let (70, do) £ LM X be fixed. We may take a sequence /„ of smooth bump functions whose 
support shrinks to (70, 6 ^ 0 ) to conclude that Ds{'y){9) = D.y{9)s{'y){9), for some D.y{9) G EndF..y(e), 
showing that D.y G End(7*E —)■ S^). 

Conversely, suppose that H is a pointwise endomorphism. Then D.y G End( 7 *E —)■ S^) for all 
7 G LM, and if / G C^{LM x and s G r(£ ^ LM), 

D{fs){i){9) = D,{9)f{^,9)s{^){9) = f{^,9)D,{9)s{^){9) 

= f{^,9)Ds{^,9) = fDs{^){9). 

In particular, our calculation shows that D{fs) = fDs, proving our claim. □ 

If D is a pointwise endomorphism, we may take its leading order trace 

TrD( 7 )= [ ti D^{9)d9. 

Js^ 

It is straightforward to check that Tr dehnes a trace on the collection of pointwise endomorphisms. 

A connection V on E induces a connection on 8 —> LM, dehned as follows. Suppose 
s G r(£^), 7 G LM, 9 e S^, and Y G TjLM. Then we dehne by the equation 

Thus is the operator on r(T —)■ LM) associated to ev*V on r{ev*E —)■ LM x S^). 

acts on LM by rotation of loops, {k0Q'y){9) = 7 ( 6 ^ + 9o), and it acts on 8 by rotation of 
sections, {k0Qs){9) = s(9 + 6 * 0 ) G 8\kg^.y. These actions are compatible, 

8 —^ 8 


kg 


LM 


> LM 
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which means £ —)■ LM is an S'^-equivariant bundle. Thus we have an S'^-action on r(£^ —)■ LM), 


= {keos){k_eol){0) = s{k-0^'j){9 + 9o). 


We average by the S'^-action to produce an S^-invariant connection, 


^ave 




as in Section 12.51 Let X be the vector field on LM induced by the S'^-action. We define the 
S'^-equivariant connection — uix on £ —)■ LM, and the S'^-equivariant curvature 

+ uCx = £ A^i(LM, End(£^))[M]. If takes values in pointwise endomorphisms we 

may follow the S^-equivariant Chern-Weil techniques of Section 12751 and define the S^-equivariant 
characteristic forms 


Tr(T‘)‘ = i/' tr(!J®‘„|)'=rf9, 

and an S^-equivariant Chern character Trexpf2‘^\ For this reason, we must determine whether 
takes values in pointwise endomorphisms of r(£^ —)■ LM). We may write , 

where G A|i(LM, End£^) and = —[fx, V] + Cx- Here [•, •] denotes the superbracket as in 
[3]. If a e A*{LM) and seT{£ —^ LM), 


(-[*x, Vn + Cx)ia 0 s) = 0 s)- 0 s) + £x(a 0 s) 

= i-ixda) 0 s- (-l)l“l(fx«) A - a 0 V^s 

- {dixa) 0s- (-l)l“l-^(ixa) A 
+ (Lxtt) 0 s + a 0 {Cxs) 

= a®{Cx-VT)s. 


Let D = Cx — By Proposition 13.11 takes values in pointwise endomorphisms if and 

only if the associated operator D is linear over C°°{LM x S^). Suppose s G r(L —> LM) and 
/ G C^{LM xS^). By definition. 


d^xUs) 


A. 

d9 


k-eifs)- 

e=o 


The 5^-action on r(L —)■ LM) induces an 5^-action on r(eu*E —)■ LM x S^) and an L^-action 
on C°°{LM X S^) by 


^00^(7, d) = s{k-Bol, 9 + 9 o), kgji'y, 9) = f{k-eo^, 9 + 9o). 
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These S'^-actions are determined by the requirement that as 

k^fs){7){0) = f{k_g^-f, e + eo)s{k_g,-f){e + Oq) 

= f{k-eo7, 0 + t)s{k_eo7, 9 + 00) = {kej){kgj){^, 9). 
With these S'^-actions we have 


k:x{fs) = 


d 

d9 

d 

d9 


k-eifs) = 


e=o 


d 

d9 


{k_ef)Ck-es) 


e=o 


fikoj, 9o - 9)s{ka, 9o-9) = 


e=o 




s + fCxs. 


Thus we have shown that the associated operator Cx satishes 


Cxifs) = 




s + fCxs. 


On the other hand, we now consider the operator associated to Vy ’ 


Vr(/^)= / kLgVt^ykUfs)d9 


= / k_gev*V^keY,o)ikef)ikes) d9 


'si 


'SI 


= / k^ [ikgY)ikgf)] mS) + ikof)ev*Vf,^y^,)CkeS) d9 


= / k-g[{k0Y){k0f)]k^QkgS + {k-ekef)k^gev*Vfkgy^f)){kls)d9 


'si 


'si 


k.0[ik0Y)ik0f)]d9)s + fVrs. 


(3.1) 


If F G T^LM, {kgY, 0) G Tkg^-fLM= T(^ke'y, 0 o)LM x S^. Suppose X = for some 

curve 7 (e) with 7 ( 0 ) = 7 . Writing {kgY, 0) as kgY, we have 


{kgY) 


{kgf) = 


{koy,do) 


Therefore 


and we have 


A. 

de 

A 

de 


k. 0 [{k 0 Y){k 0 f)] 


{kgf){kg'y{e),9o) = 


e =0 


A 

de 


f{k-gkg'y{e),9o + 9) 


e =0 


f{j{e),9o + 9) = Y 


e =0 


/• 


( 7 , 6 * 0 +^') 


= (kgY) 


(7.60) 


(kef) = Y 


(kg^, 9 o- 8 ) 


/, 


(7.''o) 


/ k.g[{kgY){kgf)]d9= Yfd9 = Yf. 

'Si Js^ 


(3.2) 
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Combining equations fl3.1l) and fl3.2l) . we have shown that 


vr(/5) = (r/)5+/vr5. 


In particular, we have 

D{f~s) = Cx{f~s)-VT{f~s) = 
d 




/ 


~s + fCx~s-{Xf)~s-fVT~s 


-f]~s + f{Cx - VT 


s = 




This computation shows that D is not linear over C°°{LM x 5^), proving that D is not valued in 
pointwise endomorphisms. Thus we cannot take the leading order trace of This approach 

was done incorrectly in [151 §3]- 

S'^-equivariant Chern-Weil theory requires a trace functional on for all A; > 0. Our calcu¬ 

lations demonstrate that 0"^^ is valued in hrst order operators, implying in this setting Chern-Weil 
techniques require a trace dehned on some algebra of operators that includes differential operators 
of arbitrary order. Our leading order trace is not defined on this algebra and so it does not define 
characteristic forms. An alternative approach may be through the Wodzicki residue, resvK, which 
is essentially the only trace on the full algebra of classical pseudodifferential operators. However, 
resw defines characteristic forms that do not extend the ordinary characteristic forms under the 
inclusion M ^ LM. (See [19] and [16] for a discussion of resv^ and Wodzicki-Chern classes.) Such 
S'^-equivariant Chern-Weil constructions using resiy may prove an interesting direction for future 
work. 

In summary, S'^-equivariant Chern-Weil techniques do not construct S'^-equivariant character¬ 
istic classes on LM because takes values in an algebra of operators that does not admit a 

suitable trace, an analytic obstacle unique to infinite dimensional operators. 


3.3. Principal Lf/(?7,)-bundle approach. Let vr : FrE —> M be the unitary frame bundle 
of E. It is a principal t/(n)-bundle over M. Moreover, it is shown in [211 Theorem 4.6] that 
TT : LFrE —)■ LM admits the structure of a principal Lf/(n)-bundle, where 71 ( 7 ) = vroy. Because 
LU{n) is the structure group of S, we may consider LFrE to be the frame bundle of £. This idea 
is made precise in [211 §4-3] and [HI § 2 ]. 

The S'^-action on LFrE covers the S^-action on LM. 

LFrE —^ LFrE 

kg 


LM 


> LM 
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The S'^-action on LFrE induces a vector field on LFrE, which we also write X. A connection 
l-form u G A^{FrE,u{n)) on FrE induces a connection 1-form u G A^{LFrE, Lu{n)) on LFrE 
given by 

for Y{9) G T^LFrE. Notice that if 6 *o G a G LU{n), and 7 G LFrE, we have 

[Ra{kea'^)]{ 9 ) = 7(6* -h 6'o)a(6'), 

[kef,{Ral)]{ 9 ) = 7(0 -h 6 'o)a( 6 ' -h 9q), 

proving Ra o kg^ ^ kg^Ra- 

Thus the S'^-action and the LU (n)-action do not commute. This is a significant departure from 
the finite dimensional case and we now explore its consequences. 


Lemma 3.2. Let A{9) G Lu{n) and let A{9)* be its fundamental vector field on LFrE. For 
9o G , kggt,{A{9)*\.y) = A{9 + 9o)\kg^.y. 


Proof. 

koo*{m%) 


d 

dt 


t=o 


kgfij(9) •exp(fA(0))) = — 


t=o 


7(^ + ^ 0 ) • exp(tA(0 -|- 9o)) — A(9 E 9())*\kg^.y 

□ 


One should compare this lemma to Lemma [2.71 The difference arises because acts on LU{n), 
a subtlety absent in the finite dimensional case. A consequence of this difference is 


Proposition 3.3. Let fi be a connection 1-form on LFrE. Whenever 9 q G is not the identity 
element, kg^fi is not a connection 1-form. 

Proof. Suppose, to the contrary, that G A^{LFrE, L\x{n)) is a connection 1-form. Let A{9) G 
Lu{n) and let A{9)* be its fundamental vector field on LFrE. Because k^^yi is a connection 1-form, 

(fcg»(A(0)*) = A(0). (3.3) 

On the other hand, by Lemma 13.21 

(fcg»(A(0)*) = yi{kg,,A{9y) = yiA{9 + do)*) = A(0 + 9o). 


contradicting equation fl3.3p . Therefore /cg^/i is not a connection 1-form. 


□ 
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This proposition implies that the S'^-action on LFrE does not induce an S'^-action on the space 
of connection 1-forms on LFrE, and so we cannot ask for an S'^-invariant connection 1-form. 
Nevertheless, in analogy with Section lT6l we consider hi — uu:{X), an equivariant 2-form valued 
in L\x{n). Theorem 3.5 of |1] states 

DCj{^X^ -\- ix^ — 0 , 

from which we see that 

{D — uix){^ — uCj{X)) = — uDCj{X) — uix^ + u^ix^i^) = 0, 

proving that the equivariant Bianchi identity holds. 

Theorem 3.4. Tr(f2 — uu{X))^ is equivariantly dosed for all k >0. Moreover, the -equivariant 
cohomology class [Tr(r2 — uCj{X))^] G Hgi{LFrE) is independent of connection on FrE. 


Proof. To prove the hrst claim, we note that 

(d - uix)Tr{n - uu;{X))'^ = Tt{D - uix){^ - mc5(X))^ = 0. 

To prove the second claim, suppose uq and ui are two connections on FrE with induced connections 
cDo and Ui. Let a = Cji — ojq, ojt = Cjq td, and let fit be the curvature of Ot- It is standard that 
Dta = [m Ch. XII, Lemma 4]. It follows that 

{Dt - uix)a = - uutiX)). 

Therefore 

{d — uix)kTT[a A (fii — = kTT{Dt — uix) (« A (fii — uut{X))^~^^ 

= /cTr(((A - uix)o) A (fii - uuJt{X)Y~^) 

= kPi - uut{X)) A i^t - uut{X)f-^ 

= ^i:i{nt-uut{x)f, 
dt 


and so 


{d — uix) [ kTT{a A {fit — uut{X))’^ ^dt = [ ^TT{flt — uut{X))’^dt 
Jo Jo dt 


= Tr(fii - uui{X))'‘ - Tr(fio - uuo{X)y 


□ 
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Thus we have a sequence of S'^-equivariant cohomology classes [Tr(f2 — ua)(X))^] G H'^{LFrE). 
We hud, however, that these S'^-equivariant cohomology classes do not descend to LM, in contrast 
to the hnite dimensional case presented in Section [T6l This follows from Theorem 3.5 of [1], which 
states that for a G LU{n), 

{R:u{X)){e) = Adaie)-MX) + a{e)-^a{e). (3.4) 

This formula differs from equation fl2.2p . which is the key property used to prove Proposition 12.101 
This is an important difference between the hnite dimensional and inhnite dimensional cases. As 
a result, we see that 

i?*Tr(fi - uu{X)) = Tr {Rin - uRlCo{X)) 

= Tr(Ada-in — uAda-iCj{X) — ua~^a) 

= Tr(fi — uCj{X)) — nTra“^a 

= — uu{X)) — u — [ tYa~^dd6 (3.5) 

27r Jsi 

= Tr(f2 — uoo{X)) — uiW (det a) 

^ Tr(n-M£h(X)), 


where IT (det a) is the winding number of det a : —> S^. The last equality follows because 


tra ^adO = I tr —log 0^0 = 


d 




/51 


dt 


'si 


d 

dt 


log det adO = 2TiiW (det a). 


This calculation proves that Tr(ff — ^^(X)) is not Lf/(n)-invariant. Therefore Tr(ff — Ma)(X)) is 
not basic, i.e. Tr(f2 — Ma)(X)) 7 ^ 7 r */9 for all (3 G A^i(LM)[n], and the equivariant differential forms 
Tr(r2 — uu:{X))^ do not dehne characteristic classes on LM. Instead, we have an S'^-equivariant 
Chern character on LFrE, ch'^ (S) = Tr exp(f2—Ma)(X))^, dehning an S'^-equivariant characteristic 
class [ch"^ (S)] G Hgi{LFrE). 

The author is not aware of examples in which [Tr(f2 — Ma)(X))^] is non-trivial. Nevertheless, the 
following criterion may detect when these classes do not vanish. 


Proposition 3.5. [Tr(f2 — uu{X))] 7 ^ 0 if [trQ] ^ 0 in H‘^{FrE). 


Proof. Let i : M —> LM be the embedding of M as the subspace of constant loops. If T, Z G TpM, 


{i*TTn)p{Y,Z) = 



tr np(Y,Z)d9 


tTnp{Y,z), 


proving PTrfl = trfl. 
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It follows that if [trfl] 7 ^ 0, then [Tr hi] 7 ^ 0 as well. Therefore Tr(r2 — uCj{X)) ^ {d — uix)ci for 


all a G A^gi{LFrE), as that would imply Trhl = da. 


□ 


In summary, this alternative construction via a principal LU{n)-hnnd\e fails because the 


action does not commute with the L17(n)-action. In contrast to the construction via a covariant 
derivative, this obstacle is not unique to inhnite dimensions, since commutativity of the group 
actions is required for equivariant Chern-Weil techniques on finite dimensional manifolds, outlined 
in Section [21 

It is instructive to compare this construction with [H Remark 2], where Bismut reformulates this 
construction on a principal LU{n) xi S'^-bundle over LM for which the S^-action commutes with 
the structure group action. In this set-up, we must find a trace on the Lie algebra of LU (n) xi 
to dehne characteristic forms. The Lie algebra of LU{n) xi is isomorphic to the collection of 
differential operators given by b-^ + A{9) acting on C**), where 6 G M and A{9) G u(n), 

so we hnd the same obstacle of requiring a suitable trace on differential operators acting on this 
inhnite dimensional space. 

3.4. Bismut’s construction. We end this section by presenting Bismut’s construction of BCh 
|1] to provide an example of how S'^-equivariant Chern-Weil techniques have been modihed for the 
loop space setting. Given 7 G LFrE, let H{t) be the solution to the integral equation 



H{t) is a power series of even-degree S'^-invariant differential forms valued in Lu{n). In [H Theorem 
3.7] Bismut proves 


{D + ix)H = 0, {RlH){t) = a{U)-^H{t)a{t), 


(3.7) 


for a G LU{n). The second equation in fl3.7p is the key to showing that BCh dehnes a class 


on LM, in contrast to the equivariant differential forms in Section 13.31 dehned by L^-equivariant 
Chern-Weil techniques, so we prove it now. 


Equation fl3.4p says 


R*a{u:{X) + fi) = Ad„-i(n;(X) + 11) + a'^d. 


Combining this equation with (13.6p . we see that R*aH satishes the integral equation 


{RaH){s) = Id+ / {RaH){v)Ma-i{u{X) + Q) + {RaH){v)a-^{v)d{v)dv. (3.8) 


Jo 
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Thus to prove the second equation in fl3.7l) . we need to check that a ^{0)H{s)a{s) satishes equation 
(IS^ - Using (jlSD, 

^[a"^(0)i7(s)a(s)] 

= a“^(0) (s)^ a(s) + a~^{0)H{s)a{s) 

= a~^{0)H{s){uj{X) + Q,)a{s) + a~^{0)H{s)a{s)a~^{s)d{s) 

= [a“^(0)i7(s)a(s)]a“^(s)(a;(X) + r2)a(s) + [a“^(0)i7(s)a(s)]a“^(s)a(s). 

Moreover, 

a-\0)lf(0)a(0) = a-\0)(ld)a(0) = Id, 

proving that a“^(0)ih(s)a(s) satishes 03.81) . Therefore {R*H){s) = a~^{0)H{s)a{s). 

In particular, because a(0) = a(l) for a G LU{n), we see that 

RliiHil) = tiRlHil) = tr[a(0)-^hf(l)a(l)] = trhf(l). 


proving TrTr(l) is Lt/(n)-invariant. Moreover it is clear that trTr(l) is a horizontal form, because 
n and uj{X) are horizontal. Therefore Tr if (1) = 7r*(3 for some [3 G A^i(LM) and we dehne [3 to be 
BCh. It follows from the hrst equation in 03.71) that BCh is closed with respect to the differential 
f + ix, so BCh dehnes a cohomology class in f^i(LM). 

In this way Bismut modihes the construction of the f^-equivariant Chern character to produce 
an LU (n)-invariant differential form, salvaging the techniques of f^-equivariant Chern-Weil theory 
that fail because the and LU{n) actions on LFrE do not commute. On the other hand. Bismut’s 
construction does not dehne an element of the Cartan model and so it does not dehne a class in 
Hgi{LM). For if we introduce u by the integral equation 

nt 


H{t)=Id+ / H{v){n^(^y-)-uuj{X))dv, 

Jo 

whose solution H{t) is a power series of even-degree S'^-equivariant diherential forms valued in 
Lu(?7,), we hnd that trf7(l) dehnes an equivariantly closed diherential form on LFrE that is not 
basic because 


Proposition 3.6. trfr(l) is not LU{n)-invariant. 

Proof. Let A{t) = Li-y(t) — uu{X). Then H(t) can be written 

rt ptm pt2 

H{t) = Id-l'^ / •••/ A{tm) ■ ■ ■ A{ti)dti... dtm- 

m>lJ0 Jo Jo 
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Therefore the degree 2 component of trif(l) is given by 

tr^(l)[2] = f ~ uu{X))dt = Tt{Ci — uu{X)). 

Jo 

Equation fl3.5p then shows that trif(l)[ 2 ] is not Lf/(?7,)-invariant. □ 

Remark 3.2. In [7], another version of the Bismut-Chern character is constructed by the integral 
equation 

H{t)=Id+ [ +u{X))dv, 

Jo 

producing a class in h*gi{LM). This version of the Bismut-Chern character is the image of BCh 
under : h^gi{LM) —y h^gi{LM). In [22] this Bismut-Chern character is used to dehne a 
rehnement of differential K-theory. 

4. S'Cequivariant first Chern class 

Equation fl3.5p suggests Tr(r2 — uu{X)) is invariant under those elements a G LU{n) satisfying 
lE(deta) = 0. These elements make up L^U{n), the connected component of LU{n) containing 
the identity, implying Tr(r2 — uu{X)) descends to LM whenever LFrE admits a reduction of 
its structure group to this subgroup. This section explores this special class of vector bundles 
and defines an S'^-equivariant first Chern class on these bundles with S'^-equivariant Chern-Weil 
techniques. 

Section ITT] proves a criterion that determines when LFrE admits such a reduction of its struc¬ 
ture group and offers some examples. Section 021 then dehnes an S'^-action on the reduced bundle 
LPFtE so that the embedding j : LPFtE —)■ LFrE is S^-equivariant. Finally, Section 14731 shows 
that j*Tr(r2 — uu:{X)) descends to an equivariant 2-form on LM dehning a class we call the 5^- 
equivariant first Chern class of 8^ cf^{8). Section 03] concludes by providing examples of loop 
spaces that admit non-trivial cf^{8). 

4.1. Reduction of structure group to L^U{n). Recall that for a Lie group G, the space EG 
is dehned up to homotopy equivalence by the requirements that EG is contractible and G acts 
freely on it. We then define the classifying space of G to be BG = EG/G. See [H §1] for a proof 
that classifying spaces exist for compact G. In particular, we may choose a realization of EU{n), 
a contractible space on which U{n) acts freely. 

It follows that we may take ELU{n) = LEU{n), since LEU{n) is contractible and LU{n) acts 
freely on it. Then 


BLU{n) = LEU{n)/LU{n) ^ L{EU{n)/U{n)) = LBU{n). 
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Let L^U{n) be the connected component of the identity in LU{n). L^U{n) acts freely on LEU{n) 
as well, so we may take BLPU{n) = LEU{n) / L^U{n) . Moreover, the inclusion L^U{n) —> LU{n) 
induces a map p : BL^U{n) — )■ BLU{n) given by p[7]L0u(n) = [l\LU{n)- 

Let / : M — > BU{n) be a classifying map for the rank n complex vector bundle E — )■ M. 
Then / : LM — )■ LBU{n) = BLU{n) is a classifying map for the pushdown bundle S — > LM, 
where /(y) = / 07 . We wish to characterize when LErE admits a reduction of its structure group 
to LPU{n) and we begin with several lemmas. 

Lemma 4.1. H^{LM]7j) is torsion-free. 

Proof. By the universal coefficient theorem the following sequence is exact 

0 —^ Ext(iLo(^M),Z) —^ H\LM-Z) —^ Hom(Lri(LM); Z) —^ 0. 

Ext(iLo(LM), Z) = 0, since Hq{LM) = ©^Z. Moreover, Hom(iLi(LM); Z) is torsion-free, implying 
{LM; Z) is torsion-free as well. □ 

Lemma 4.2. For any x G BLU{n), p~^{x) is diffeomorphic to Z. Moreover, p : BLPLf{n) —> 
BLU{n) is a eovering space in the sense of [TT] . 

Proof. We hrst prove that p~^{x) is diffeomorphic to Z. Let a G LU{n) such that [a] generates 
niU{n). Then any b G LU{n) can be written b = baf, for some b G L^U{n) and L G Z. It follows 
that if [ 7 i]l( 7 („) = [ 72 ]LU(n), then Y^i]L<^u(n) = [l 2 ]L^u(n) ■ proving that p"^(x) = Z for any 
X G BLU{n). 

To prove that p : BL^U{n) —)■ BLU{n) is a covering space, we hrst observe that EU{n) —>• 
BU{n) admits the structure of a principal f/(n)-bundle [H §1.1]. It follows that ELU{n) —> 
BLU{n) admits the structure of a principal Lf/(n)-bundle [21], §4.3]. 

We note that [2T1 Theorem 4.6] does not, strictly speaking, apply in this case, since Stacey’s 
results are stated for a hnite dimensional principal G-bundle that is ‘looped’ to yield a principal LG- 
bundle. However, EU{n) and BU{n) admit realizations as inhnite dimensional Hilbert manifolds 
[H § 1 . 1 ], and his arguments remain valid in this setting with only minor adjustments. 

Let V C BLU{n) be a neighborhood over which ELU{n) is trivial, i.e. ELU{n)\v ~ LU{n) x V. 
Using the isomorphism LU{n) = LPLf{n) x Z [201 §4-7] we have ELLf{n)\v ~ LfLf{n) x Z x U. 
Therefore BL^U{n)\y ^ ZxV, and p is given by the projection on the second factor Z x U —h V. 
Therefore p : BLPU{n) —)■ BLU{n) is a covering space. □ 

Lemma 4.3. 7iiBLU{n) = Z and 7iiBL^U{n) = 1. 
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Proof. To prove the first claim, we consider the principal Lt/(n)-bundle ELU{n) —> BLU{n). 
We may apply the long exact sequence of homotopy groups to this hbration and we have 

... — > 'KkELU{n) —)■ 'KkBLU{n) —)• 7rk-iLU{n) — > TTk-iELU{n) — )■ ... 

Since ELU{n) is contractible, this sequence implies TikBLU{n) = TTk-iLU{n). In particular, 

TTiBLUin) = TToWin) = 7ro[fIf/(n) x U{n)] = TTiU{n) x TToU{n) ^ Z. 

If we again apply the long exact sequence of homotopy groups to the principal L°f/(n)-bundle 
EL^Uin) —;■ BL^Uin) we similarly see 7ikBL^U{n) = nk-iL^Uin). Therefore niBL^Uin) = 
TToL^U{n) ^ {!}. □ 


Lemma 4.4. Let f : LM —> BLU{n). Then /* : ttiLM 
/* : Hi{LM) —)■ Hi{BLU{n)) is the zero map. 


TTiBLU{n) is trivial if and only if 


Proof. Let ff^ be the induced map on fundamental groups and let be the induced map on 
homology groups. Also let hi : niLM —> Hi{LM) and ^2 : 7iiBLU{n) —;■ Hi{BLU{n)) be the 
homomorphisms obtained by regarding loops as singular 1 -cycles [TTl § 2 .A], We have the following 
diagram 


ttiLM 

hi 


A- 7riBLU{n) 
h2 


/f^ 


Hi{LM) Hi{BLU{n)) 

Moreover, this diagram commutes because ^2 o o hi[ 7 ] = [/ o 7 ] g Hi{BLU{n)). 

Note that hi and h 2 are surjective, kerhi is the commutator subgroup of ttiLM, and kerh 2 is 
the commutator subgroup of 7TiBLU{n). It follows that ^2 is an isomorphism, since TTiBLU{n) is 
abelian. 

Suppose ff^ = 0. Then 

0 = h2 o o hi. 

Because hi is surjective, this implies = 0 as well. On the other hand, suppose = 0. Then 

o = /f^ohi = h2o/:L 

Because h 2 is an isomorphism, it must be that ff^ = 0. We have shown ff^ = 0 if and only if 
= 0 , proving our claim. □ 
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The transgression map on cohomology t* : —)■ ^{LM]X) is defined as the com¬ 

position 

H^{M]Z) ^ H\LM X S^]Z) — ^ H’^-\LM-,Z), 

where the second arrow is given by the slant product with the generator of Hi{S^) [131 §2]- 
The transgression map is also defined for cohomology with C-coefficients, where the second ar¬ 
row is given by integration over S'^-fibers. The transgression map plays an important role in 
the cohomology of loop spaces. Recall that H*{BU{n);Z) = Z[ci,..., c„], where f*Cj = Cj{E) 
whenever / : M —> BU{n) is a classifying map for E —> M. Proposition 3 of [13] states that 
H*{LBU{n)-, Z) = Z[ci,..., c„] (8) A(r*Ci,..., T*Cn), where A(r*Ci,... r*c„) is the exterior algebra 
generated by r*Ci,..., r*c„. It follows that H^{BLU{n)-,Z) is generated by r*Ci. 

Proposition 4.5. S admits a reduction of its structure group to L^U{n) if and only ifT*Ci{E) = 0. 

Proof. £ admits a reduction of its structure group if and only if / : LM — > BLU{n) admits a lift 
/ : LM —^ BL^U{n). 

BL^U{n) 



LM . > BLU{n) 

Since p : BL^U{n) —)• BLU{n) is a covering space in the sense of [11], this lift exists if and only if 
f^iiiiLM) C p^{'KiBL^U{n)) [HI Proposition 1.33]. By Lemma IT751 7iiBL^U{n) = {!}. Therefore 
/ admits a lift if and only if /* : ttiLM —)■ 7riBLU{n) is trivial. By Lemma [4.41 this is true if 
and only if /* : Hi{LM) —> Hi{BL^U{n)) is the zero map. 

We will show that /* = 0 if and only if r*ci(T^) = 0. We first remark that t*Ci{E) = r*f*C\ = 
f*T*ci [131 Prop. 2]. Suppose /* = 0 and let a E Hi{LM). Then 

{f*T*ci,a) = (r*ci,/*(T) = 0, 

since f^a = 0. Because H^{LM-,Z) = Hom^(iLi(LM), Z), we have proven /*r*Ci = r*Ci(L') = 0. 
On the other hand, suppose f*T*ci = 0 and let a E Hi{LM). Then 

0 = {f*T*Ci, a) = (r*ci, /*cr). (4.1) 

Since Hi{BLU{n)) = Z, it is generated by some element a and we may write f^,a = ka. Since 
r*Ci generates H^{BLU{n);Z), we may pick a so that (r*Ci,a) = 1. Therefore 

(r*Ci,/*(T) = {T*ci,ka) = k. 
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Combining this with equation fl4.ip . we see fc = 0 and consequently /* = 0. Therefore LFrE 
admits a reduction of its structure group to L^U{n) if and only if =0. □ 

Suppose LFrE admits this reduction of structure group and suppose tt : P —> LM is our 
reduced bundle. Let j : P —)■ LFrE be the map including P as a sub-bundle of LFrE. 


P '—-—)• LFrE 



LM 


Lemma 4.6. Let b G LPLf{n) and a G LU{n) such that [a] generates 7riU{n). Then there is some 
b G L^U{n) such that ab = ba. 

Proof. This claim is equivalent to the statement that aba~^ G LPLf{n). To prove this claim, it 
suffices to show that [aba~^] is the identity element in niLfiji). Since det : Lf{n) —)■ induces 
an isomorphism on fundamental groups, we must show that [det(a 6 a“^)] is trivial in iiiS^. Its 
winding number is 

W {det{aba~^)) = IT(det 6 ) = 0. 

The second equality holds because b G L^U{n). Therefore aba~^ G LfLfiji). □ 

Proposition 4.7. Ra{j{P)) admits the structure of a principal L^Lf{n)-bundle over LM that is 
also a sub-bundle of LFrE. 

Proof. We define the projection Tia '■ Ra{j{P)) — > LM by tt ^ ^\iia{j{P))- We must verify that 1 .) 
L^U{n) acts freely on Ra{j{P)), 2.) Ra{j{P))/L^U(n) is diffeomorphic to LM and tt ^ is smooth, 
and 3.) Ra{j{P)) is locally trivial. 

We first show that LPLf{n) acts on Ra{j{P)). Let b G LfU{n) and x G Ra{i{P)). Then x = x-a“^, 
for some x G j(P), and 

Rb{x) = X ■ a~^b~^ = X ■ b~^a~^ = Ra{Ri{x)). 

Since Ri{x) G j(P), it follows that Rb{x) G Ra{j{P)). Therefore LfU{n) acts on Ra{j{P)). 
Moreover, because LU{n) acts freely on LFrE, the L°P(n)-action on Ra{j{P)) is free as well, 
verifying 1 .). 

To verify 2.), let 70 G LM and suppose x,j/ G 7 r“^( 7 o). Then x = x ■ a~^ and y = y ■ a~^ for 
some x,y E j{P). Moreover, 

7r(5;) = 7r(x) = 7r(x ■ a~^) = 7r(x) = 70 , 
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and similarly Ti{y) = 70. Therefore x = yb for some b G LPU{n), as P is a principal L°P(?T,)-bundle. 
Therefore 

X = X ■ a~^ = y ■ ba~^ = y ■ a~^b = y ■ b, 

since ba~^ = a~^b for some b G LPU{n). In particnlar, we have shown x = y ■ b, proving that 
any two elements in 7r“^(7o) differ by an element of LPU{n). Therefore Ra{j{P)) /LPU{n) = LM. 
Moreover, tTq is smooth becanse it is the restriction of the smooth map tt. 

To verify 3.) let 70 G LM. There exists some neighborhood P C LM snch that LFrE\u k. 
U X LU{n). Using the isomorphism LU{n) = L^U{n) x Z [201 §4.7], we may take this trivialization 
LFrE\u K.U X L^U{n) x Z. Similarly, P\u ^ U x LPFtE and we may arrange these trivializations 
so that the inclnsion j : P\jj — )■ LFrE\u is the map Lf x L^U{n) —> U x L^U{n) x Z is given by 
(7,6) !-)■ (7,6,0). Thns j{P)\u ~ P X L^U{n) x {0}, and Ra{j{P))\u ~ P x Z x {!}, proving that 
Ra{j{P)) is locally trivial. □ 

Corollary 4.8. When LErE admits a reduction of its structure group to L^U{n), LErE is the 
disjoint union of a countable collection of principal L^Lf {n)-bundles over LM. 

It follows that we have conntably many P°P(n)-bnndles to choose for onr rednced bnndle, 
indexed by 7riP(n) = Z. However, nnder the inclusion ErE ^ LErE taking a point to the 
constant loop based there, only one such P°P(?7,)-bundle contains ErE. Hence only one L^U{n)- 
bundle contains the hxed point set of the S'^-action on LErE. This distinguishes a canonical choice 
of reduced bundle, which we denote L^ErE. 

In the next sections we study S'^-equivariant Chern-Weil techniques on pushdown bundles ad¬ 
mitting this structure group reduction. We end this section with two examples of such pushdown 
bundles. 

Example 4.9. Suppose E —> M is a complex bundle with ci(P) = 0. Then t*ci{E) = 0 and 
LErE admits a reduction of its structure group to L^U{n). 

In this case, one may prove directly that LErE admits this reduction of its structure group. For 
if ci(P) = 0, ErE admits a reduction of its structure group to S'P(n). Call the reduced bundle 
SFrE —> M, a principal S'P(n)-bundle over M. Then LSFrE —> LM is a sub-bundle of LErE 
whose structure group is LSU{n). Because LSU{n) C L^U{n), LSFrE is our desired reduced 
bundle. 

Example 4.10. We present a sequence of a non-trivial bundles Ek —)■ such that LErEk —)■ 

PMP^ admits a reduction of its structure group to LPU{n). We hrst note that i7^(MP^; Z) = Z/2Z 
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for A; > 2. Since the second cohomology group with Z coefficients parameterizes complex line 
bundles over a manifold, there exists a complex line bundle —)■ MP^ such that Ci{Ek) 7^ 0 but 
2ci{Ek) = 0 . 

It follows that 2r*Ci(ii^A:) = 'T*{2ci{Ek)) = 0 in if^(LRP^;Z). By Lemma [4.11 iL^(LRP^;Z) is 
torsion-free, implying T*ci{Ek) = 0. Therefore by Proposition 14.51 LErE^ —)■ LRP^ admits a 
reduction of its structure group to L^U{n). 

We remark that when k is odd, RP^ is closed and orientable, so we have a non-trivial class of 
bundles that admit this reduction of structure group even if we only consider closed and orientable 
manifolds. 

4.2. S'^-action on LPEtE. Suppose LErE admits a reduction of its structure group to LPU{n) 
and let L^ErE be the reduced bundle. That is, tt : L^ErE —> LM is a principal L‘’f/(n)-bundle 
over LM such that there is an embedding j : LPEtE —)■ LErE which satishes % = H o j and 
j oR^ = R^o j for a G L^U (n). 

L^ErE LErE 



LM 


Lemma 4.11. For all 6 G , ke{j{L'^ErE)) = j{LPErE). 

Proof. Suppose U C LErE is a connected component and let 9 E S^. We claim ke^U) = Lf. Let 
X E U. Then the path t 1 —)■ kte{x), 0 < t < 1, joins x to ke{x). Because ke is a diffeomorphism 
koiU) is a connected component, implying x G ko{U). Therefore kQ^U) = Lf. 

Because j : L^ErE —y LErE is a local diffeomorphism, j{L^ErE) is an open submanifold and 
we can write j{LPErE) = IRJa for connected components Lfa C LErE. Since kg{Lfa) = Lfa for all 
a, it follows that k 0 {j{LfErE)) = j{LPErE). □ 

In light of Lemma 14.111 we dehne the following S'^-action on L^ErE. Given 9 E and 
X E L^ErE, 

h{x) = j-^kei{x). 

k is indeed a group action, for if 6*1, 6*2 G S^, 

kg^ O kg,{x) = 3~^kgJ{j-^kgJ{x)) = j-^kg.+g^jix) = kg^+g,{x). 

Proposition 4.12. L^ErE admits an S^-action such that j : L^ErE —> LErE is an S^- 
equivariant map. 
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Proof. To prove this proposition, we need only show that i is an S'^-equivariant map with respect 
to these S'^-actions. A straightforward calculation shows 

jihix)) = j{j-^kej{x)) = kej{x), 

proving j is S'^-equivariant. □ 

Corollary 4.13. j : LfFrE —)■ LFrE induces a map j* : Hg^{LFrE) —> El*gi{L^FrE). 

4.3. S'^-equivariant first Chern class. Consider j*Tr(12 — uu}{X)), an equivariant 2-form on 
L^FrE. 

Proposition 4.14. i*Tr(f2 — Ma)(X)) is basic. 

Proof. We must show that j*Tr(f2 — uCj{X)) is horizontal and L°17(n)-invariant. We hrst show it 
is horizontal. Let v G T^L^FrE be a vertical vector. Then j^v is a vertical vector as well, since 
IfFrE is a sub-bundle, and we have 

i,yj*TTQ{w) = j*TTQ{v,w) = TrQij^vJ^w) = 0, 

since Trfl is horizontal. Moreover, t^j*Tra)(X) = 0 by dehnition. Therefore <..yj*Tr(f2 — Ma)(X)) = 
0, proving j*Tr(12 — uu}{X)) is horizontal. 

Next we show it is L°f/(n)-invariant. Let a G Lf'U{n). Then W(deta) = 0 because the winding 
number of a loop is homotopy-invariant. Since j o = Rg^o j we have 

RlfTiin - uu{X)) = fRlTiin - uu{X)) = fTiin - uu{X)), 

by equation fl3.5p . Therefore j*Tr(f2 — uu{X)) is L°17(n)-invariant. □ 

It follows that j*Tr(12 — uu{X)) = Tf*f3, for some equivariant 2-form (3 on LM. 

Definition 4.1. The S'Lequivariant hrst Chern class of 8 is cf^ {8) [/?] G Hgi{LM), and f3 is 

the S^-equivariant hrst Chern form. 

This S'^-equivariant characteristic class is notable because it admits an S^-equivariant Chern- 
Weil construction. 

Let i : M —> LM be the embedding sending x to the constant loop based at x. Standard 
Chern-Weil constructions show that trfl is a basic form on FrE, implying trfi = /3 for some 
closed 2-form /3 on M and [jd] = Ci{E). 

Theorem 4.15. cf (£^) extends ci{E) under the embedding M LM. Moreover, the S^- 

equivariant first Chern form of 8 and Cj extends the ordinary first Chern form of E andoj. 
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Proof. To prove this theorem, it suffices to show that i*/3 = (3. Recall that we may write [3 = 
/3[2] + M/9[o] for differential forms of degree k. 

Suppose v,w ^ TxM. We may take lifts v,w E TyFrE for some y G FrE such that 7 i{y) = x. 
The vectors are “constant” in the sense that they are represented by the constant loops 

t V and 11— )■ tc in TLM = LTM. Similarly, we may lift fon and fore to the constant loops t ^ v 
and t ^ w, which we write fon and i^w. Then 

i*(3i2]{v,w) = (3 i2]{Fv,Fw) = j*TTQ{i^v,Fw) 

The vectors and j^i^w are also “constant” in the sense that they are represented by the same 
constant loops t ^ v and t ^ tv, following from the fact that j* : T^LPFrE —)■ Ti(x)LFrE is an 
isomorphism. Moreover, 

j*Trr2(fon,i*t(;) = Tr r2(j*fon, = — [ tYfl{v,tv)dt 

2vr Jsi 

= tYfl{v,tv) = j3{v,w). 

Therefore R/dp] = /5. 

Next, let X G M. Then i{x) is a constant loop, which for notational ease we call x. We may lift 
X to y E L^FrE. Thus j{y) is a constant loop in the fiber over the constant loop x, so that its 
velocity vector field -^Jiy) vanishes, and 

«*Ao|(n = -J-Tri = -Tri, = 0, 

Therefore 


i*f3 = R/3[2] + ui*l3[o] = (3. 


□ 


In summary, when t*ci{E) = 0 in E[^{LM]7j), S'^-equivariant Chern-Weil techniques define 
cf^ {8), an R^-equivariant first Chern class extending Ci{E) E to The following 

criterion may detect bundles for which this class does not vanish. 


Proposition 4.16. Suppose E — )■ M is a complex bundle such that t*Ci{E) = 0 and Ci{E) ^ 0 
tnH\M;C). Thencf{8)^0. 

Proof. By Theorem 14.151 i*cf^{8) = ci{E) ^ 0, implying {8) ^ 0. □ 

By this proposition, to find a non-trivial instance of cf^ {8) we need only find a bundle E —> M 
with non-torsion Ci{E) E H‘^{M-,'L) belonging to the kernel of r* : i7^(M;Z) — > H^{LM-,'L). In 
the next section we point out a collection of such bundles. 
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4.4. cf^{S) on the loop space of a Riemann surface. In this section we study the transgression 
map on compact Riemann surfaces and we show that, when g > 2, the loop space of the 
compact Riemann surface of genus g, admits pushdown bundles with non-trivial To prove 

this result we consider the transgression map on homology, r* : Hi{LM) —> H 2 {M), dehned as 
the composition 

Hi{LM) —^ H2{LM X ^ H2iM), 

where the first arrow is given by the homology cross product with the generator of Hi{S^). Our 
two transgression maps enjoy the adjoint property 

{T*u,f3) = {u,nf3). 

We begin with two lemmas. 

Lemma 4.17. For any manifold M, if jd is a loop on LM, then r*/9 is a 2-cyele on M given by a 
map —> M. 

Proof. Since /9 is a loop, fd : [0,1] —)■ LM such that /9(0) = /9(1). Thus, for each t G [0,1], 
f3{t) e LM and we let s G [0,1] denote the “loop parameter.” We dehne jd : [0,1] x [0,1] —)■ M 
by /3(t, s) l3{t){s). We claim that /3(t, s) descends to a map —)■ M. Notice that 

^(0,s) = /3(l,s) 

because /9 is a loop on LM. Moreover, 

/3(t,0) = /3(t, 1) 

since (3it) is a loop in M for each t G [0,1]. Therefore /3(t, s) descends to a map —> M. 

Recall that r*/9 = ev o (^/3 x Idsi). That is, if s G and t G [0,1], 

r*/3(t, s) = en(/3(t), s) = I3{t){.s) = /3(t, s). 

Therefore r*/9 = /3, and so is a 2-cycle given by a map — > M. □ 

Lemma 4.18. Suppose f : —> Lg, with g >2. Then deg / = 0. 

Proof. Let / : —)■ and suppose f* : —)■ P[‘^{T‘^]'L) is nonzero. We claim 

that f* : H^(Tjg-,'L) —> has rank 2. For we may take 0Ji,0J2 ^ H^iX‘g','L) such that 

001 -^ 002 ^ 0, and so 

f*u,^ ru2 = nu,^u2 )y^o, 
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proving f*uJi and f* 0 J 2 are linearly independent. Therefore /* : Z) —> Z) has rank 

2 . 

Moreover, we claim that /* : ttiT^ —> '^i^g is injective. For let 7 G ttiT^ be nonzero. We may 
pick 1 ] G if^(T^;Z) snch that ( 7 , 7 ) 7 ^ 0. Because f* : —;■ iJ^(T^;Z) has rank 2, it is 

surjective and we may pick 00 G H^{T,g;Z) such that f*u = rj. Therefore 

0 ^ ivn) = (r^,7) = 

proving 7 ^ 0 . 

However, ttiS^ does not contain a copy of Z®^ = ttiT^, which is a contradiction. Therefore 
f* : H‘^{Tjg] Z) —)■ Z) is the zero map, and so deg / = 0. □ 

Proposition 4.19. r* : Hi{LZg) — > H 2 {T,g) is zero. 

Proof. Let /? be a 1-cycle on LT,g. Then we may write (3 = where a* G Z and (3i is a loop 

on LZg. Then r*/3 = aiT^jSi is a 2-cycle on Eg and each r^fii is given by a map /* : —)■ Eg, 

by Lemma 14.171 Therefore r*[/3] = ^ -^ 2 (LIg). Let uj G A^(Eg). Then 

(a;,r*/3) = ^ 0 ,( 0 ;,/^JT^]) = ^ ai(deg/i)(a;, [Eg]) = 0, 

i i 

as Lemma \A. 181 guarantees deg fi = 0. Since u was arbitrary, we have shown r*[/9] = 0, proving 
r* = 0. □ 

Corollary 4.20. r* : H‘^{T,g]Z) —)■ H^{LTig]Z) is zero. 

Proof. Let /9 be a 1-cycle on LEg. Then {t*u),(3) = (a;,r*/3) = 0, proving that t*u) = 0. □ 

In particular, we may use this proposition to produce examples of loop spaces that admit non¬ 
trivial cf^{S). 

Proposition 4.21. Let E —> Eg he a non-trivial complex line bundle. Then cf^(T) 7 ^ 0. 

Proof. Corollary 14. 201 shows t*Ci{E) = 0, while Ci{E) 7 ^ 0 in H‘^{'Eg] Z) as E is non-trivial. Because 
p[‘^{'Eg-,Z) = Z is torsion-free, ci(F^) 7 ^ 0 in iL^(Eg;C) as well. Therefore, by Proposition 14.161 
cf(£:) 7^0. □ 
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